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Abstract

The accessibility of plasma-based accelerators was greatly expanded by the realization of laserwakefield accelerator (LWFA)-driven plasma wakefield accelerators (PFWA). This developmentspeeds up research on PWFA significantly. In this thesis, 3D particle-in-cell-simulations wereused to analyze driver parameters for a PWFA to achievemaximal energy gain for a hypotheticalwitness beam. Only small increases in witness energy were found when drivers with highkinetic energy were compared. In contrast, great witness energy increases result when thedivergence of the driver gets reduced. The transformation of a driver in plasma is analyzed,and the influence of the wakefield on it is discussed. Additionally, evidence for non-constantpeak energy is presented, with energy losses in the MeV scale independent from drivercharacteristics. This could require adjustments to the charge reconstruction of the LWFA-bunch after the PWFA stage.

Kurzfassung

Die Verfügbarkeit von Plasma-basierten Beschleunigern wurde durch die Verwirklichung vonLaser-Wakefield-Beschleuniger (LWFA) getriebenen Plasma-Wakefield Beschleunigern (PWFA)stark vereinfacht. Diese Entwicklung erlaubt eine breitere Erforschung von PWFA. 3D Particle-in-Cell Simulationen wurden in dieser Arbeit verwendet, um die Treiberparameter von PWFAzu analysieren, damit ein maximaler Energiegewinn für einen hypothetischen Witness erreichtwerden kann. Nur kleine Erhöhungen der Witness Energie konnten festgestellt werden, wenndie kinetische Energie des Treibers erhöht wurde. Im Gegensatz dazu konnten hohe Energie-gewinne durch das Senken der Divergenz des Treibers erreicht werden. Die Transformationdes Treibers im Plasma wurde analysiert und der Einfluss des Wakefields auf diesen diskutiert.Zusätzlich werden Indizien für eine nicht konstante Peak-Energie vorgestellt, mit Energiever-lusten im MeV-Bereich, unabhängig von den initialen Parametern des Treibers. Dies könnteeine leichte Anpassung der Ladungsrekonstruktion des LWFA-Bunch nach der PWFA-Phaseerforderlich machen.
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1. Introduction

The combination of laser wakefield acceleration (LWFA) and plasma wakefield acceleration(PWFA) could be a critical step in boosting research with plasma wakefield accelerators. Theircompactness allows for small facilities to still operate their own PWFA while the LWFA’s highrepetition rate allows for an significant time reduction when performing statistical analysis.Since the invention of the first particle accelerators in the late 19th century [1], the de-velopment of new radio frequency (RF) accelerators progressed at a fast pace due to theirpracticality in applied science, cancer therapy, and basic research, like particle physics. In thelatter example, considerable advancements in our understanding of the universe could bemade thanks to RF accelerators, with modern particle physics and the standard model beingfunded on the discoveries made with them.Still, modern RF accelerators are restricted by the sustainability of themetal cavities enclosingthem, allowing only acceleration fields up to around 100MVm−1. This limits applicationsand research in small-scale laboratories, as huge-scale accelerators are needed to achievethe energies used in modern particle physics. For the discovery of the Higgs boson at theLarge Hadron Collider, a center-of-mass energy of 8 TeV [2] was needed for the proton-proton collisions. A synchrotron with a 27 km long acceleration distance was required for thisachievement.In 1979, Tajima and Dawson proposed a new type of particle accelerator [3]. The so-called laser wakefield acceleration uses a high-intensity laser pulse as a driver, which excitesa wakefield when sent through a plasma. They theorized that charged particles could beaccelerated by the strong electric fields in the cavities of this wakefield. Later, in 1985, a similaracceleration scheme, the plasma wakefield acceleration, was theorized by Chen and Dawson[4], where charged particles were used as drivers to excite the wakefield with similar strongelectric fields. Both proposals were later verified in experiment.Even though both acceleration techniques are similar in concept, for the longest time,research on them was done primarily independently from each other. Only in recent years,proposals [5] were made for the so-called LWFA-driven PWFA (LPWFA), which uses the chargedparticle bunch generated by a LWFA stage as the driver for a PWFA stage. First experimentaldemonstrations of this concept [6] could achieve high acceleration gradients up to 100GVm−1,showing the high potential of such small-scale accelerators. This would allow for even fasterexperimental research to answer open questions and enable practical applications.A considerable part of the fast advent of LWFA and PWFA can be attributed to the particle-in-cell (PIC)-model and its software implementation in PIC-codes. This model is used to discretizethe physical environment and break down complex electromagnetic interactions between
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1. Introduction

particles into a set of steps that a computer can process. Its application as a simulation ofthe dynamics of plasma and electromagnetic waves or charged particles was found helpful indifferent fields of physics, for example in the astrophysics of solar plasmas.When first proposing LWFA, PIC-codes were already used by Tajima and Dawson to showthe potential of their concept before first experiments could be conducted. With the fastdevelopment of high-performance computing and more efficient software, PIC-codes todaycan simulate three-dimensional, relativistic plasma interactions in short time spans and areused to find the optimal driver and plasma parameters to be tested in experiments.This thesis discusses the characteristics of the electron bunch used to excite the wakefieldin the PWFA. Using electron bunches from a preliminary LWFA stage opens new possibilitiesfor experimental research on such drivers. Therefore, there is great interest in the initialproperties of the bunch, as it shapes the form and efficiency of the wakefield. This work putsfocus on the interaction between plasma and driver, especially on the changes to the shape ofthe driver and the resulting energy gain from potentially accelerated particles.These studies are done in PIConGPU, a relativistic PIC-code developed at the Helmholtz-Zentrum Dresden-Rossendorf (HZDR). PIC-simulations allow for precise formulation of thecharacteristics of the bunch. The results are compared for different initial conditions of thedriver to propose possible directions the experimental research could take when optimizingbunch parameters.Lastly, research was done on the so-called peak energy, an important measurement ofbunch characteristics between the two stages of the LPWFA [7]. Limits to the constancy ofthis quantity are investigated, as this is an essential experimental assumption that neededverification via simulation.In chapter 2, the theoretical background is established for both the physics of PWFA andthe usage of PIC-code. Particular focus is put on the implementation in PIConGPU. Then thesetup of the used simulations is discussed in chapter 3. At last, the discussion of the researchresults follow in chapter 4. The chapter is split into two parts. First, the analysis of the driverparameters and the resulting impact on driver transformation and wakefield are presented insection 4.1. Afterward, a closer look at changes in the peak energy was taken in section 4.2,followed by the final conclusion in chapter 5.
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2. Theoretical background

2.1. Plasma Wakefield acceleration

PWFA is a novel particle accelerator concept [4] with the possibility to produce high acceleratingelectric fields (more than 100GV/m). This allows for higher energy gains per meter and thusseveral order of magnitude smaller accelerators, compared to conventional RF accelerators.PWFA works by sending a bunch of charged particles (also called drive beam or driver) withrelativistic speed (vbeam ≈ c) into a neutral plasma. Multiple sources are possible for this beamand will be further discussed in subsection 2.1.1. In this thesis, the beam consists of electronsbut research on other species like protons or positrons [8] is made as well. To be easily ionized,the plasma is often formed by light weight gases like lithium (or even hydrogen or helium innewer experiments [7]), ionized either by the drive beam itself or a dedicated ionization laseror discharge.When entering the plasma, the drive beam interacts with the plasma electrons, while theeffect on the ions can be neglected at the time scale of the electron response. The electric fieldof the bunch pushes the electrons out of its way, comparable to a snowplow. This leaves anelectron free cavity behind, starting from the center of the driver while the expelled electronsculminate at the borders of the cavity. As the ions are not moving, this cavity is positivelycharged, meaning it acts as an attractive force to the plasma electrons. When being pulledback towards the center of the cavity, the electrons overshoot and produce another cavity.The result is electron oscillation, where multiple cavities form behind the beam as seen inFigure 2.1.This train of cavities is called the wakefield. If the electron density in these cavities is severalorders of magnitude smaller than in the rest of the plasma, this state is called the blowoutregime, else it is called the linear regime. When injecting a charged particle bunch, calledthe witness beam, into the wakefield, it sees fields acting from different directions due to thegradient towards the center of the positive cavity.For a witness beam in propagation direction, consisting of negative charged particles, theelectric field accelerates towards the center of the cavity while decelerating when reaching itsfront half. Perpendicular to the direction of propagation are electric fields pointing towards thecenter and magnetic fields rotating around the propagation axis, resulting in focusing of thewitness beam. In contrast there are defocusing forces between the cavities, as the oscillatingelectrons are densest here. When witness electrons are injected into the back of the cavity,they will be accelerated while the cavity itself moves at near light speed with the driver. Theseaccelerating forces peak when the wakefield is in the blowout regime, therefore achieving
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2. Theoretical background
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Figure 2.1.: The blowout regime of a PWFA stage with an electron driver at the front. Alternating accelerat-ing/decelerating fields in longitudinal and focusing/defocusing fields in transverse direction form inthe cavities. Blue dots mark the remaining ions, red dots the electrons. Figure similar to [9].

blowout as long as possible is a goal of PWFA.Near light speed, the velocity of the witness beam will not increase in a meaningful way. Thewitness electrons would therefore be trapped in the accelerating part of the cavity, resulting ina net increase of their momentum and energy.

2.1.1. LWFA driven PWFA

For a long time, a big downside of PWFA was the creation of the relativistic drive beams, asthis would need kilometer long RF accelerators as a preliminary stage. Recent research [6]investigated the potential of the so called LPWFA. Here, the witness bunch of an LWFA wasused as driver for the PWFA, allowing for a very compact design.LWFA is very similar to PWFA. Instead of charged particles, a laser is shot into a plasma todrive the wakefields, also generating hundreds of GV/m of accelerating fields. The witnessbunch can be accelerated to higher speeds than the speed of the laser in the plasma, resultingin dephasing, where the witness beam is fast enough to reach the center of the cavity and getdecelerated. This limits the acceleration capabilities of the LWFA. Still, the resulting witnessbunch can be used as the driver for a PWFA.Experimental setups for LPWFA (see Figure 2.2) consist of a laser initiating a LWFA stage ina gas jet. Both, the accelerated witness bunch and the laser are leaving the jet into vacuum,where a metal foil is installed to block the laser and let only the particle beam through. Thus,only the witness bunch makes it to the next gas jet, serving as the driver for the PWFA stageand accelerating injected electrons. This hybrid scheme has the potential to advance the PWFAresearch further and make it more accessible to small scale labs [6].
Peak energyThe energy with the highest charge density of driver or witness particles is called peak energy.In experiment, it is an important measurement as it provides the beam charge of a witnessbeam leaving a LWFA stage [7]. The peak energy of the driver is assumed to stay constant
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Figure 2.2.: Example for an LPWFA setup. The laser starts an LWFA in the first gas jet. The resulting LWFA beam isthen used to start a PWFA in a second gas jet. A metal foil blocks the laser after the first stage. Figuresimilar to [5]

during a PWFA stage, therefore information about the driver before entering the PWFA can beobtained in a LPWFA.Section 4.2 will discuss evidence, that the peak energy is reduced during the PWFA stage,and the assumption of constant peak energy therefore might be an acceptable assumptionwith current experimental uncertainties but needs to be considered for future experiments .

2.2. PIConGPU

To simulate complex driver-plasma interactions efficiently, the particle-in-cell (PIC)-methodis often chosen. There are many different code implementations developed to overcomeprevailing technical limitations. For this thesis PIConGPU [10, 11] is used, a relativistic PIC-code,which specializes in parallelization of the computational steps. Therefore it is designed to workon GPUs instead of CPUs. We will start with an introduction to the PIC method in generalin subsection 2.2.1. In the following subsection, we discuss further how certain inputs andoutputs are handled in PIConGPU.
2.2.1. Particle-in-cell model

PIC-code models particles in a simulation box and is a common approach to numericallysolve the Vlasov-Maxwell system of equations by applying various simplifications. This systemdescribed the particles as a distribution function fs(x⃗, p⃗, t) of time t, position x⃗ and momentum
p⃗ for every particle species s [11, 12]. This distribution must now satisfy the collisionlessBoltzmann equation, also called Vlasov equation[13], see Equation 2.1.

dfs
dt

=
∂fs
∂t

+
∂x⃗

∂t

∂fs
∂x⃗

+
∂p⃗

∂t

∂fs
∂p⃗

= 0 (2.1)
Using the Nabla-Operator and the derivatives of x⃗ and p⃗, we get Equation 2.2 with the Lorentzfactor γ, the species massms and the Lorentz Force F⃗L, see Equation 2.3.
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Force Calculation Particle Push

Current DepositionField Evolution

F⃗ = q ·
(
E⃗ + v⃗ × B⃗

)
p⃗i+1 = p⃗i +∆t · F⃗

J⃗ =

∫
q · v⃗ · f(r⃗, v⃗)dV

∂E⃗

∂t
= c2

(
−µ0⃗j + ∇⃗ × B⃗

)∂B⃗

∂t
= −∇⃗ × E⃗

Figure 2.3.: The PIC-cycle. In PIConGPU, every timestep starts with the force calculation. Figure taken from [15]

∂tfs +
p⃗

msγ
∇⃗x⃗fs + F⃗L∇⃗p⃗fs = 0 (2.2)

F⃗L = qs

(
E⃗ + v⃗ × B⃗

) (2.3)
To be a self-consistent set of electro-magnetic equations, the Maxwell equations (see Equa-tion 2.4) need to be fulfilled by our E⃗- and B⃗-fields. Here ρs and J⃗s are the charge and currentdensity for a given species s.

∇⃗· E⃗ =
1

ϵ0

∑
s

ρs

∇⃗· B⃗ = 0

∇⃗ × E⃗ = −∂B⃗

∂t

∇⃗ × B⃗ = µ0

(∑
s

J⃗s + ϵ0
∂E⃗

∂t

)
(2.4)

The PIC method now makes several simplifications, so these requirements can be imple-mented. At first, the time needs to be discretized into timesteps with length ∆t after whichour distribution is updated. The system of equations above must then be broken down intoa system of computations, which will be processed every timestep. This system is called thePIC-cycle [14], which can be seen in Figure 2.3.Instead of the complex high-dimensional distribution function fs(x⃗, p⃗, t), we look at a sim-ulation box in 3 dimensions of space and describe the distribution for a species as discretemacroparticles in this box [16]. The movement of these macroparticles is then described bytheir position and momentum, the acceleration from the acting force depends on their setmassm, charge q and weighting w. The weighting is determined by the assignment density
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Figure 2.4.: One Yee-cell with components of the electric E⃗-field, the magnetic B⃗-field and the current density J⃗drawn in. Note, that fields are calculated between the grid-points. Image similar to [11]

function which the macroparticle represents and can also be seen as the number of realparticles for each macroparticle. In this thesis, the assignment function of the driver particlesis given by a piecewise quadratic spline.At last, the fields need to be divided into the so-called Yee-grid [17], which can be seen inFigure 2.4. The corresponding fields are placed between the grid-points, motivated by the factthat for the later described centered finite difference, the spatial derivative of the fields liesbetween these fields. At these points, the time derivatives are calculated, and therefore thegrid-points positioned.
Force calculationWhen the macroparticles and the corresponding fields at each grid-point (i, j, k) at a timestep
n are given, the calculation of the next timestep can start. At first, the grid fields are interpolatedto the position of the macroparticles so that the acting forces can be calculated. PIConGPUuses trilinear interpolation for this task [11, 14], a 3D extension of linear interpolation. Thenthe acting Lorentz Force can be calculated by Equation 2.3. With the forces at each particlesposition, now the particle pusher can calculate the new positions and momenta of the particledistributions.
Particle pusherThere exist multiple implementations for this problem in PIConGPU, the standard one beingthe relativistic Boris-pusher [18], which conserves the phase-space volume [11]. Instead ofcentering the B⃗-field on integer timesteps, the momentum at half integer timesteps getscalculated by only applying the first part of the Lorentz-Force F⃗L (the Coulomb-force) for ∆t/2.Afterward, the magnetic part of the Lorentz-Force is calculated at this half timestep n+ 1/2
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2. Theoretical background

and then added to the momentum, amounting for the full timestep. At last, the Coulomb forceis applied again for half a timestep, so the momentum at the full step n+ 1 is returned [15,19]. Updating the particle position is done by applying the Euler-method, see Equation 2.5.
x⃗ (n+1) = x⃗ (n) +∆t

p⃗ (n+1)

γm
(2.5)

Current depositionFor the next step of the PIC-cycle, the current density J⃗ is calculated with Esirkepov’s currentdeposition method [20]. The change in current density between two grid-points is calculatedby accumulating nearby macroparticles with respect to their velocity, charge, assignmentfunctions and change in position between two time steps. As for the components of the
E⃗-field, the current density components are stored not on but between the grid points, asseen in Figure 2.4.

Field evolutionAt last, the new fields are calculated at each grid-point. The first two Maxwell equationsEquation 2.4 are assumed to be fulfilled at initialization, in general with ρ = 0. This means, ourbox is charge neutral at the start, resulting in mirror charges when we don’t have a completelyneutral setup. For the rest of the simulation, only the last two of Maxwell’s equation need tobe solved, which is done by numerical integration. Multiple field solver implementations canbe used in PIConGPU. In this thesis the Finite-Difference Time-Domain method is used in theform of the ArbitraryOrderFDTD solver [11]. It uses centered finite differences with a givennumberM of neighbor grid-points around our wanted point. Here, the time derivative is alwaysreplaced by a second order approximation, shown for a general function u(i∆x, j∆y, k∆z,n∆t)in Equation 2.6. The spatial derivative for u of order 2M can be calculated by Equation 2.7 [11]with g2Ml as a weighting factor (see Equation 2.8).

∂tu(i∆x, j∆y, k∆z,n∆t) =
u
n+1/2
i,j,k − u

n−1/2
i,j,k

∆t
(2.6)

∂xu(i∆x, j∆y, k∆z,n∆t) =

M−1/2∑
l=1/2

[
g2Ml

uni+l,j,k − uni−l,j,k

∆x

]
(2.7)

g2Ml =
(−1)l−1/2

2l2
((2M − 1)!!)2

(2M − 1− 2l)!!(2M − 1 + 2l)!!
(2.8)

We use M = 4 neighboring grid-points, resulting in an eight-order approximation. Theresulting weighting factors in Table 2.1 give us the full numerical form of the 2 Maxwellequations, which can be found in the appendix in Appendix A.
g2·41/2 11 962.891× 10−4

g2·43/2 −797.526× 10−4

g2·45/2 95.703× 10−4

g2·47/2 −6.976× 10−4

Table 2.1.:Weighting factors for 8th order spacial derivatives.
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With the numerical derivatives, we first calculate E⃗(n+1), then B⃗(n+3/2), giving us our fieldsat each grid-point. Afterwards the PIC-cycle can repeat.

2.2.2. Dispersion relation

Discretization of the phase space yields us different dispersion relations than for real elec-tromagnetic waves. For the used Arbitrary Order Finite Differences, this relation betweenfrequency ω and wave vector components kx, ky and kz are found in Equation 2.9 and Equa-tion 2.10 [11].
ω =

2

∆t
arcsin ξ (2.9)

ξ =

M−1/2∑
l=1/2

g2Ml
sin(kxl∆x)

∆x

2 +
M−1/2∑

l=1/2

g2Ml
sin(kyl∆y)

∆y

2 +
M−1/2∑

l=1/2

g2Ml
sin(kzl∆z)

∆z

2
(2.10)

∆t is here the time discretization,∆x,∆y and∆z are the grid spacings and g2Ml is the weightingfactor, given in Equation 2.8.
ξ is maximal when the squares of the sine functions return 1. Additionally, the arcsine inEquation 2.9 sets the condition ξmax < 1. Together these result in a stability condition betweenthe spacing of the time steps and the grid, see Equation 2.11.

c∆t <
1[

M−1/2∑
l=1/2

(−1)l−
1

2 g2Ml

]√
1

∆x2
+ 1

∆y2
+ 1

∆z2

(2.11)

Generally, ξmax is chosen as 0.995, which is low enough to fulfill Equation 2.11. It should notbe chosen too low, as the phase velocity vp = ω/k would be reduced as well. This could resultin numerical Cherenkov radiation when the charged particles move faster than vp, giving backunphysical results.Increasing the terms which are taken into account for the finite difference approximationincreases the accuracy of the approximation. It, therefore, results in less numerical Cherenkovradiation than low order solver, like the standard second-order Yee-solver. As an alternativeapproach, a Lehe-solver [21] is implemented in PIConGPU. The goal of this solver is to avoidnumerical Cherenkov radiation, that is emitted for the Yee- or ArbitraryOrderFDTD solvers.Tests of this solver showed that this implementation of the Lehe solver is not suitable forthe required initialization methods of PWFA simulations, as highly nonphysical electric fieldsappeared during the simulations. Therefore, the ArbitraryOrderFDTD solver of eighth order isstill used for this thesis.
2.2.3. Boundary conditions

The behavior of the fields and particles at the borders of the simulation box is determined bythe boundary conditions. For fields there exist two options in PIConGPU: either the boundariesare periodic or absorbing. In the first case, when a field reaches the boundary, it wraps aroundthe box and appears again at the other side on the same axis. In the latter case, the fieldsstart to be absorbed at a set distance from the border, with the strength of the absorptionincreasing towards the boundary, until it fully vanishes at the border.
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2. Theoretical background

The perfectly matched layer (PML)-absorber is used as the standard in PIConGPU. Whenusing periodic conditions, the condition can be toggled for each individual axis (periodicbehavior in longitudinal direction is normally not wanted for PWFAs).Particles follow the periodicity of the fields but have different option when no periodicconditions apply. For this thesis, absorbing conditions are used, so all particles crossing theborder are deleted from the simulation.
2.2.4. Acceleration pusher

As will be later discussed in section 3.2, the initial bunch from the LWFA stage is modeled withgiven position and momentum of the macroparticles. No corresponding fields are given, thusthey need to be created by the simulation. This is an iterative process where we first apply aconstant force in longitudinal direction to our bunch and calculate backwards how it looked agiven number of timesteps before [22]. Then we can put it in the simulation, apply the sameforce and let it create a corresponding field through the PIC-cycle (see subsection 2.2.1), whilethe bunch moves to its initial position in phase space.Problem is, PIConGPU expects a charge free box, so when electrons are placed in the box itwill automatically assume a positive mirror charge behind every particle. This mirror chargewould then pull back our real bunch, slowing it down in the process. Therefore, the accelerationpusher is used instead of the Boris pusher. Here, the constant accelerating force is the onlyacting force, completely ignoring the created fields. The mirror charge is left behind while thebunch moves outside of its reach and the corresponding fields build up. When the buncharrives at its initial position, the pusher can be switched to a physical pusher and the realsimulation can proceed.
2.2.5. openPMD

PIConGPU supports multiple plugins which act as outputs for the simulated data. Most of theanalysis in this thesis is done through the output of the openPMD-api [23] plugin. It returnsthe simulation data according to the openPMD standard, which provides a unified conventionfor names and attributes of simulated data [24].Data will be stored for the fields and the particle species for given timesteps. Field data isstored per grid-point and includes the E⃗- and B⃗-field as well as the charge- and energy densityfor every particle species. For particles, the position (cell + position in cell), momentum andweighting can be read among other quantities.Additional non-standard attributes can be defined and stored. A use case of this will bedescribed in section 3.1. All data is stored in PIConGPU-internal units, multiplication factorsare stored as well for conversion to SI units.
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3. Setting up a PWFA simulation with
PIConGPU

The goal of the setup is to simulate a PWFA, assuming a LWFA generated electron bunch asdriver. It would be possible to let PIConGPU run both stages but creating the bunch via scriptmakes it easier to control the wanted parameters and is faster than a full LWFA simulation.Therefore, an electron beam which emulates a witness bunch leaving a LWFA is generatedwith a python script (see section 3.2). Afterwards the corresponding fields and the plasmainteraction are computed with PIConGPU. The parameters for the simulation will be explainedin section 3.1, before we go further to the initialization of the plasma in section 3.3.

3.1. Simulation parameters

For all setups, a box consisting of 1024 × 2048 × 1024 grid cells for field calculation is used.The currently simulated volume measures 90.7µm × 181.5µm × 90.7µm and moves with lightspeed c in the direction of propagation. In contrast to experiment, this direction of propagationis labeled as y-axis. Instead of y, the co-moving ζ = y − ct coordinate is used in chapter 4.Every calculated timestep has a duration of 1.33 × 10−16 s.For the first 10 191 timesteps (corresponds to a distance of 40.5µm), the acceleration pusher(see subsection 2.2.4) acts on the bunch with a constant force, created by an electric field witha strength of 620.4MV/mm. Afterwards the Boris pusher is used. The boundary of the box isusing a PML-absorber in all directions.Additional to the standard openPMD data, an ID is stored for every bunch particle for backtracing, as well as field probe properties, which store the experienced electric and magneticfield for every particle. This is only used for visualization of the forces on the bunch, while griddata is used for calculation of the energy gain.

3.2. Initialization of an electron bunch from script

To save on computational power, a python script generates the electron bunch after a LWFAstage from given parameters. Parameters which can be measured in experiments are used,so a comparison is easily possible, but they need to be converted to other statistical quantitieslike the standard deviation. The parameter values used are based on recent experimentalresults [6, 7, 25].
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3. Setting up a PWFA simulation with PIConGPU

The number of bunch particles is derived from the total charge, chosen as 400 × 10−12 C,which results in roughly 250 × 109 electrons. After leaving the LWFA stage, the position of theparticles is assumed to be normally distributed in each direction. For the transversal positionthis distribution is centered around the axis with the standard deviation σx,z derived fromEquation 3.1 with the root mean square (rms) radius rrms = 10µm.
σx,z =

rrms√
2

(3.1)
The 1/

√
2 factor is a geometric factor, originating from the fact that for a normal distributionwith zero mean, the rms and the standard deviation are identical. The rms radius can then becalculated by r2rms = σ2

x + σ2
z or r2rms = 2σ2

x,z as we assume that the distribution is the same inboth directions.For calculation of the deviation in the longitudinal direction σy the full width at half maximum(FWHM) of the bunch duration is chosen as τFWHM = 20 × 10−15 s. It follows Equation 3.2where 2
√
2 · ln 2 is the conversion factor between the standard deviation and the FWHM.

σy =
τFWHM · c
2
√
2 · ln 2

(3.2)
A second driver with uniform distribution in propagation direction and Gaussian distributionin x- and z-direction was generated for comparison. The length ∆y of the distribution waschosen, so that the standard deviation σy, uniform is identical to σy from the Gaussian driver,resulting in ∆y = 2

√
3 · σy .Momenta are derived from the mean kinetic energy Ekin. Three different values from250MeV to 350MeV are simulated and compared in this thesis. For all simulations a normaldistribution of the energy with a FWHM of 10MeV is assumed. The total momentum for eachparticle is now calculated with Equation 3.3.

|p| = Ekin

c
(3.3)

This is a simplification of the relativistic energy-momentum relation where the rest massis neglectable (mec
2 is only around 0.5MeV which is an order of magnitude smaller thanmeasurable FWHM).How much the momentum distribution spreads from the forward propagation axis is givenby the pointing angle θ, thus a distribution in spherical coordinates is appropriate. The standarddeviation of the pointing angle, the so-called divergence, is set to σθ = 1.6mrad.In experiments this value is only calculated for the divergence towards either the x or z axis,so a factor √2must be multiplied (both directions are assumed to have the same divergence)before it can be used as the standard deviation for the normal distribution of θ. The polarangle ϕ is uniformly distributed over all particles, as the divergence is symmetric aroundthe py-axis. Finally, the particle momenta are calculated by transforming from spherical toCartesian coordinates (Equation 3.4).

px = sinϕ · sin θ · |p| py = cos θ · |p| pz = cosϕ · sin θ · |p| (3.4)
With the phase space of position and momentum defined for all particles, we can fully describea particle bunch after the LWFA stage moving close to the speed of light through vacuum, asshown in Figure 3.1a and b.Next our beam needs to be prepared for the PWFA stage by transmitting it through vacuumuntil it hits a metal foil. The beam positions are updated by moving the bunch uniformly

12
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Figure 3.1.: Macroparticle density in phase spaces. (a) and (b) After leaving the LWFA stage. Transversal momentumis two orders of magnitude smaller than for the longitudinal direction. (c) and (d) After vacuumpropagation. Particles with a higher momentum in x- respectively y-direction moved to the right whileslower particles fell behind to the left, resulting in a slight shearing in the phase space. (e) and (f)After back evolution as a preparation for the acceleration phase. As time was reversed, particles withpositive momentum now moved to the left.
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3. Setting up a PWFA simulation with PIConGPU

through the vacuum without applying forces. This introduces a shear between positive andnegative momenta in the phase spaces for all directions, as can be seen in Figure 3.1c and d.Our metal foil is positioned 700µm after the LWFA gas. In experiment the foil is used to blockof the laser from the preceding LWFA stage, with the side effect of scattering the electronbeam [26].To emulate the divergence increase of the metal foil, random noise is added to the momen-tum in px and pz direction, while the new py will be calculated so that the total momentum foreach particle is conserved. The standard deviation of the noise normal distribution was chosenso that after the foil, a divergence of 4.2mrad is achieved, comparable to real experiments [7].Additionally, drivers with divergences of 1.7mrad and 8.7mrad were simulated for comparison;values which are way lower, respective higher than in experiment.The resulting particle bunch has now the wanted position and momentum that couldoriginate from an ideal LWFA. As the corresponding electric and magnetic fields are createdby the PIC-cycle, the condition of the bunch before the acceleration of the acceleration pushermust be computed. The acting force is constant, so simply applying Newtons equations ofmotion for the same number of timesteps as the pusher returns the bunch in the wanted state.The phase space diagrams of the backwards computed bunch can be seen in Figure 3.1e andf. Notice, that the y-momentum is now centered around 0.For correct field calculations, it was assumed that the bunch needs to move at non-relativisticspeeds, else nonphysical fields could be produced. During tests for this thesis, it was demon-strated that this precaution step was not necessary.At last, the bunch is placed inside the simulation box. In x- and z-direction it should be inthe middle in the box, while being put closer to the front end in y-direction, so no particles fallso far behind, that they leave the box when moving. The simulation can now be run on thissynthetically generated bunch.

3.3. Plasma parameters

After the acceleration phase (subsection 2.2.4), our bunch can now enter the plasma, alsocalled gas jet. Only electrons are explicitly added as particles, the corresponding ions areemulated from the field solver. It expects a neutral plasma, so a positive background charge isadded. In this case, our plasma is already defined as completely ionized. The density functionas seen in Figure 3.2a is separated in multiple regimes starting in the vacuum (ρ = 0).A super-Gaussian density profile (Equation 3.5) is than used to approximate a smooth tran-sition into the plateau where our density ρ stays constant at ρ0 = 4 × 1018 cm−3. Comparablevalues for the mean density can be found in experiments [6, 7].
ρ = ρ0 exp

(
−
(
y − 6σ

σ

)6
)

(3.5)
The here assumed constant plateau is an idealization of the small density fluctuations in realplasma.Generally in all simulations, the driver traversed in the plateau for over 6mm, where theblowout regime of the wakefield ended for all drivers. As real experiments do measurementson the driver after leaving the gas jet, a second density function was defined were the plateauends after 3mm, as in experiments, again with a super-Gaussian transition to vacuum, as seenin Figure 3.2b. This allows us to produce results that can be verified in actual experiments.
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Figure 3.2.: The electron density plotted over the propagation direction. A super-Gauss distribution is used as atransition between vacuum and the density plateau. (a) After an initial vacuum, an infinitely long gasjet is described as a constant plateau. (b) In contrast to a), the plateau ends after 3mm and densitydrops down to 0. This makes results comparable to real experiments.
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4. Analysis of the bunch
characteristics

In this thesis, the analysis of the bunch and the resulting wakefields are split into two parts.In section 4.1 the change of the spatial charge distribution of the driver is discussed as wellas its effect on the quality of the produced wakefield. The latter is quantified by the maximalgainable energy for a potential witness beam.The second part in section 4.2 focuses on the energy distribution of the driver, especially onchanges to the peak energy, as larger changes would violate the assumption of constant peakenergy over the course of the PWFA, made in experiments [7].In both sections, analysis is initially done for a driver with Gaussian charge distribution, aninitial kinetic energy of 250MeV and a divergence of 4.2mrad. This driver is then compared todrivers with different charge distributions, initial energy or divergence, highlighting the effectson the created wakefield.Many figures in this chapter show a spatial distribution in the ζ-z-plane. ζ is an axis thatmoves at the speed of light parallel to the driver bunch. It is defined as ζ = y − ct with thespeed of light c, time t and propagation axis y. The y-coordinate has the meaning of thedistance of the bunch from the start of the plasma and is given in the description of the figures.The connection of the coordinates is also depicted in Figure 4.1.

4.1. Transformation of the driver distribution

In this section, the movement of driver-particles is discussed and the changes of their positionwith respect to each other are shown. As such tracking of individual particles is not possiblein experiment, this will give further insight into the effects of the PWFA on the drive beam.Additionally, the created wakefields are analyzed with respect to their formed electric fieldsand the energy a potential witness can gain from these fields.In Figure 4.2 a time series of 2D histograms, showing the charge density of the driver afterentering the plasma, can be seen for the ζ-z-plane, with ζ being the axis, which moves withthe driver bunch. Also given is y, the distance to the start of the plasma upramp.A log scale is chosen to make the borders with low density visible. Additionally, the Lorentzforce is layered over the histogram to visualize the cause of the transformation of the driver.It is retrieved from the E⃗- and B⃗-field, that every macroparticle stores. The window is thenseparated into bins and for every bin the mean force on the macroparticles was calculatedand plotted as a force field, with the color of the lines quantifying the absolute force. This is
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Figure 4.1.: Relation between the co-moving coordinate ζ and the traversed distance y. The position of the driveris constant in ζ as the axis moves with it.

similar to the perspective, that there is one macroparticle per bin and the force acting on thisparticle is plotted.At start, the spatial distribution still follows a 2D Gaussian distribution, as seen in section 3.2.After the driver propagated for 0.3mm through the plasma, the first cavities start to arise.The focusing Lorentz force of these cavities forms a tail at the end of the driver while thecavities are still in the linear regime. Only small forces act on the front of the beam, so thatthe front part can diverge freely. In the center and back of the driving bunch are great forces,pushing the particles back and simultaneously centering them, resulting in the creation of atail. These forces result from the formation of the first cavity behind the driver. As can be seenin Figure 4.3b, the nearest cavity forms directly behind the center of the driver so the backsidealready experiences the decelerating and focusing fields of the cavity. Comparing the lengthof the beam over time (see vertical lines in Figure 4.2) shows that the tail is not an elongationof the driver backwards but the backside experiencing focusing forces, which are narrowingthe backside. Cavities in blowout regime form with the same width as the tail of the driver andwiden when the tail spreads apart.The focus forces at the back of the driver cause the electrons to overshoot. This resultsin a widening of the tail and the formation of wing-like structures. The cavities also start towiden and form the strongest electric fields of the whole PWFA stage during this process. Theformed wings are diverging while new wings form behind them by particles which oscillateas they got pulled back by the focusing force, causing them to overshoot again. This forms achain of smaller wings, all spreading with time and broadening the tail further. In this stage,the strength of the electric fields in the cavities already decreases while the electron density inthe wakefield rises.The backside of the driver spreads further as particles from the wings leave the cavities andtherefore the impact of the focusing fields. This causes the backside to grow in transversedirection together with the front of the bunch. Meanwhile the E⃗-fields of the wakefield reducein strength and the cavities are flooded by electrons again. The blowout regime goes overinto the linear regime, as seen in Figure 4.3d. Still there are strong forces acting on the centerof the bunch, causing it to lose energy. The discussion of this energy loss is continued insection 4.2, for now we only look at the distribution of these particles.
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4.1. Transformation of the driver distribution

−20

0

20

z
[µ
m
]

a) b)

−20

0

20

z
[µ
m
]

c) d)

−10 −5 0 5

ζ [µm]

−20

0

20

z
[µ
m
]

e)

−10 −5 0 5

ζ [µm]

f)

10−1 100 101

−dQ/dy/dz [pC/µm2]

101 102∣∣∣F⃗Lorentz

∣∣∣ [µN]

Figure 4.2.: Time series of a charge density histogram of the driver electrons integrated over the x-axis in Log scale.The acting Lorentz Force is drawn on top as vector lines. Vertical lines are drawn to make changes inlength of the bunch better visible. The histogram is plotted in the ζ-z plane, with ζ being a co-movingcoordinate axis. The distance y traversed in the plasma is given. a) (y = 0.04mm) When entering theplasma. Still a Gaussian distribution, weak focus forces at the backside. b) (y = 0.36mm) Formation ofthe tail from focusing forces. Decelerating forces grow. c) (y = 0.76mm) First wing spreads from thetail. Strong decelerating forces on the backside. d) (y = 1.08mm) More wings emerge and spread. Stillstrong decelerating forces. e) (y = 2.90mm) Shortly before bunch breakup with visible elongation ofthe bunch. Only weak forces remain. f) (y = 3.38mm) Bunch after breakup. The fallen back part getsaccelerated from the backside of the first cavity.
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Figure 4.3.: Time series of the charge density of the plasma and the driver at x = 0 over co-moving ζ and z. a)(y = 0.04mm) After entering plasma. The vacuum can still be seen on the left border. Weak cavitiescan already be seen. b) (y = 0.36mm) Cavities forming together with the tail of the driver. c) (y =0.68mm) Blowout regime during spread of the wings on the backside of the driver. d) (y = 2.27mm)Wakefield returns to linear regime before bunch breakup.

20



4.1. Transformation of the driver distribution
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Figure 4.4.: Histogram of the longitudinal part of the Lorentz force. The force is sampled over the co-moving ζ-axisat a slice in the middle in z-direction for every 2000 timesteps. This slice here is plotted over y, thedistance of the driver from the start of the plasma, showing how it changes in position and strength.

In Figure 4.4 the strength and position change of the longitudinal Lorentz force can be seenover the traversed distance y. It shows how the force pushing the driver back first buildsup and then loses its strength after the maximum at 1mm. A forward pushing force on thebackside of the driver can also be seen, as the Gaussian distribution of the driver reaches sofar back, that some particles are positioned in the accelerating part of the first cavity. Notableis the situation around y = 3mm, where the bunch collapses and particles start to fall backrapidly, so they get accelerated again in the back of the first cavity. These particles stem mostlyfrom the middle of the driver, where the strongest backwards-pushing forces acted beforeand caused them to drain their energy.Here the bunch breakup has no big effect, as the cavities already resumed to the linearregime and only a small part of the driver did fall back. Only small forces remain to act on thedriver, so it slowly diverges to the transverse sides.
4.1.1. Particle tracking

To support the claims made about the particle movement, particle tracking was used. InFigure 4.5a the particle distribution, shortly after entering the plasma, can be seen. The colorsshow the co-moving ζ-position of the respective particles after the bunch breakup. Driverelectrons which fall behind during the bunch breakup originate from a small region rightbehind the center of the bunch. As seen in Figure 4.2, this is the region where the strongestLorentz force acted. The ζ position change of other particles is neglectable small, as only weakforces act.Additionally in Figure 4.5b the middle slice of this distribution was captured every 2000timesteps and plotted over the traversed distance y. The fallback of the particles in the middle
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Figure 4.5.: Position of the particles in bins after bunch breakup. Each bin shows the minimal ζ-position (co-movingposition) of the particles in it to visualize how it will move over time. a) 2D distribution of the bins for
y = 0.60mm. The blue particles in the middle will fall back to the backside of the driver with time. b)The bins centered at z = 0 are sampled every 2000 timesteps and plotted over the traversed distance
y in the plasma. Around y = 3mm the particles in the middle falls behind.

22



4.1. Transformation of the driver distribution

−15 −10 −5 0 5 10

ζ [µm]

−40

−20

0

20

40
z
[µ
m
]

−30

−20

−10

0

10

20

30

ζ b
e
g
in

[µ
m
]

Figure 4.6.: z-positions of the particles before entering the plasma plotted over their current position (y = 1.31mm).Each bin represents the mean z-value at a timestep. In the back of the driver, particles from belowand above z = 0 alternate.

during bunch breakup can clearly be seen.The same tracking was done for the z-direction, seen in the time series in Figure 4.6. As themovement in z-direction is symmetric, this results in bins with equal number of particles fromthe top and bottom half to be displayed as yellowish white, thus the transition of particles fromtop to bottom and reversed can not be seen. Still, the effect is clear as the wings can clearlybe seen at the end of the driver. The alternating colors can be explained by the oscillation ofthe electrons, as they get pulled back to the center and form smaller wings. No such motion isobserved in the front part in the driver.
4.1.2. Parameter comparison

The transformation of the driver beam shape and subsequent changes of quality of thewakefield were compared for different initial parameters. To quantify the wakefield quality, themaximally gained energy for a potential witness beam is considered. In Figure 4.7 the chargedistribution and longituduinal direction E∥ (accelerating and decelerating) of the electric fieldof the plasma electrons are compared over time.In a), a change in width of the cavities can be observed, an effect that was measured inexperiment [7]. A witness beam which is phase locked with the driver, meaning it is constantin ζ , would therefore not get maximal energy gain when placed at a position where theaccelerating field is maximal as it would later experience a decelerating force, when the cavitiesshrink again. In b) this is visible, as the decelerating blue field moves to the right over theposition of the strongest red accelerating field. Drawn in is also the expected energy gain for apotential witness beam. This gain was calculated by integrating the Lorentz Force, createdby the fields, over the traversed distance. The peak is not over the position with the highest
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Figure 4.7.: a) The charge distribution at the co-moving ζ axis with x = z = 0 is plotted over the distance in theplasma y. Clearly visible is a change in the width of the cavities after y = 2mm. b) The electric fieldin co-moving ζ direction for all grid points at x = z = 0 is plotted over y. As a green line, the gainedenergy for a theoretical witness beam is plotted over ζ too.
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Figure 4.8.:Witness energy gain for three different initial kinetic energies of the driver.

field but at the position where the highest field is after the cavities shrank. This maximum ofgained energy can now be used to compare the wakefields for different drivers. Effects of thehypothetical witness beam on the wakefield, like beam loading [27, 28], are not considered inthis discussion.
Energy comparisonA comparison between different initial mean kinetic energies of the drivers with same diver-gence was made. We compare the three energies 250MeV, 300MeV and 350MeV under theaspect how much more witness energy can be gained with higher initial bunch energy. Onlysmall qualitative differences exist in the wakefields between the three energies. Generally, theblowout regime can be achieved over a longer distance for higher energy drivers. This resultsin slightly increased energy gains, as seen in Figure 4.8. The maximally gainable energies canbe found in Table 4.1.

Ekin [MeV] Egain [MeV]

250 439.7
300 502.6
350 518.9

Table 4.1.: Maximally possible energy gain for different initial kinetic energies.

While the jump from 250MeV to 300MeV results in 63MeV higher gains, there is a dimin-ishing return, as only 16MeV more are reached when increasing from 300MeV to 350MeV.Real experiments are restricted by the length of the plasma jet. This results in an even smallerwitness energy increase, as the main difference between the three PWFA runs is the longer
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Figure 4.9.:Witness energy gain for three different initial driver divergences.

duration of the blowout regime for higher energy drivers. Therefore, there may be no need forhigher energy drivers, as the advantages vanish. The values make also apparent, that there areonly small differences in the energy loss behind the driver (minimums at −3µm in Figure 4.8).The driver with higher energy lives only longer because it has more energy to lose, not becauseit loses less per time.
Divergence comparisonNext, the driver qualities for three different divergences after passing the metal foil werecompared. The energy gains over ζ for a high divergence (σθ = 8.7mrad), middle divergence(σθ = 4.2mrad, as seen in experiments) and low divergence (σθ = 1.7mrad) beam are shownin Figure 4.9. For all curves at least one maximum, like in the graphs before, can be seen percavity. Additionally, there is a second much higher peak for the low divergence curve at theposition, where the backside of the cavity was during blowout. This peak results from thelong-standing blowout with extreme fields and the following smaller blowout, caused by theremaining driver, as seen in the charge density graphs Figure 4.10.Even before the cavities fill and a linear regime sets in, the driver breaks up as the strongforces cause fast energy drain (see the high energy loss in the first minimum behind the driverin Figure 4.9. Through beam loading, the energy of the wakefield was absorbed by the fallenback part of the driver, causing the cavities to transition into the linear regime. Still thereremains a small blowout behind the fallen back driver, caused by its high charge density. Thepeak of the energy gain is positioned in this smaller wakefield.For a driver with high divergence, no blowout is achieved so the wakefield remains in thelinear regime with weak electric fields. These weak fields are not able to cause a bunch breakup,resulting in the bunch just diverging with time. The resulting maximally gained energies can befound in Table 4.2. While the normal maximum is highest for the 4.2mrad driver, the second
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Figure 4.10.: Charge density of driver and plasma for a low divergent driver for different time steps. a) (y =3.22mm) Charge density histogram showing a small cavity forming behind the broken up part of thedriver. b) Charge density slice of the centered grid points plotted over y.
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σθ [mrad] Egain [MeV]

1.7 359.3
1.7 (sec. peak) 840.7

4.2 439.7
8.7 176.9

Table 4.2.: Maximally possible energy gain for different initial divergences.
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Figure 4.11.:Witness energy gain for two different initial charge distributions.

maximum of the low divergence driver achieves nearly double the energy gain, giving goodreasons to strive for low divergent beams.The question arises, why the change in divergence causes such an extreme difference fordrivers. It is possible that, that a higher current is induced from the low divergence driver.The velocity in propagation direction is higher and the spatial distribution is denser, as theparticles do not diverge as much before entering the plasma, causing a higher current.
Distribution comparisonEven though in the experiment, the shape of a driver beam is hard to control when leaving theLWFA towards the PWFA, a comparison between different distributions can give new insightsinto the properties that are needed from a driver to form high accelerating fields. Besides thedriver with Gaussian distribution in all spatial direction, a driver with Gaussian distribution intransverse direction and uniform charge distribution in propagation direction was simulated.The energy gain graph Figure 4.11 shows that only a small win of 14MeV in maximal energycan be achieved compared to the Gaussian driver. The biggest difference in the two curveslies in the higher minimum positioned at the backside of the driver, that results in smallerenergy loss and therefore a 0.7mm longer traversed distance before breakup.
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4.2. Peak energy shift

Figure 4.12 shows a timeseries of the uniform driver. When compared to Figure 4.2, thesimilarity in the transformation is visible. The formed tail does not get as thin as for the fullyGaussian driver, as the overshoot happens before the outer particles reach z = 0. Still theuniform driver survives longer before breakup, caused by the weaker decelerating forces, asseen in the higher minimum in Figure 4.11.

4.2. Peak energy shift

In this chapter, the change in energy of the PWFA driver is discussed, as this gives furtherinsights into its stability and therefore also the stability of the wakefield. In Figure 4.13a thechange of the energy distribution over time can be seen for the 250MeV, 4.2mrad Gaussiandriver. When inducing the wakefield, the Lorentz force created by the fields of the first cavityacts on the driver causing it to lose energy. As only parts of the driver experience this force,the energy distribution is not moving to lower energies entirely, but instead spreading. Theplot shows the growth in low energy electrons until E = 0 is reached, visualized by the Emincurve. In blue, the mean is also plotted, showing how it reduces with time. Also the maximumenergy Emax is shown, which increases. This increase stems from the particles, which gainenergy as they are so far back in the bunch, that they get pushed by the Lorentz forces in themiddle of the first cavity.
Notable is the fact, that the histogram for every timestep is not uniform but has visiblemaxima and minima in form of the black and yellow stripes in Figure 4.13a. The maximum withthe highest energy is called the peak energy, here additionally plotted in green. This energy isimportant in experiment, as the assumption that it stays constant during the PWFA is used tocalculate the initial charge of the driver before entering the PWFA (see [7]). In Figure 4.13bonly the peak energy is plotted over time, showing that it is in fact not constant. The peakenergy drops from 250MeV to 244MeV shortly after entering the plasma. A plateau exists atthis energy until bunch breakup, after which the peak further drops.
The systematic uncertainty of the peak energy is given by the size of the bins while thestatistical uncertainty results from the uncertainty of the fit.
The fit assumes two summedGaussian distributions as a simplification of the real distribution,which consists of multiple peaks with different heights and widths as well as an unknownbackground noise. Only the peak energy and the second peak are fitted. This fit can producestrong outliers during the first half millimeter and still seems to have a slight visual offset tothe real curve afterwards, so a better fit method should be used in future studies.
Also drawn is the curve for a simulation with a down ramp for the plasma after 2.7mm oftransverse propagation, as peak energy is measured after leaving the plasma jet in experiment.The drop-off of 5MeV remains after the downramp and would therefore be measured inexperiment, when high enough accuracy can be achieved. Even after the driver left the plasma,the peak energy further dropped. No significant decelerating forces act in this phase, so theloss may just be caused by an inaccuracy of the energy fit.
For this and all following simulations, the peak energy loss was also analyzed for only theparticles which do not leave the simulation box. This should prevent an energy loss due to theloss of high-energy particles. No qualitative changes in the peak energy curves were observed.The effect of the particle loss is therefore neglectable.
Currently, the uncertainty on the peak energy measurement in experiments is significantlyhigher than the 5MeV jump. Thus, caution is needed when assuming a constant peak energy,especially after bunch breakup.
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4. Analysis of the bunch characteristics

4.2.1. Locality of the energy

The energy loss and spatial locality of the energy peaks can be visualized again by binning themacroparticles in space and analyzing the mean energy in every bin. This mean energy is thenplotted over the positions of the bins, an example of this can be seen in Figure 4.14a.Parts of the bunch, where a strong decelerating force acts, have lost most of the energywhile the front part, where only weak forces act, retained the peak energy. The energy lossin the back consists not of a steady gradient but islands with constant energy, as seen byby the big areas with a constant color. The complete time series of the energy is plotted inFigure 4.14b.Notable is the constant energy in the front half of the driver and the strong energy loss inthe middle. When energies around zero are reached, the electrons fall back, where they getaccelerated again from the first cavity. Also notable is, that the highest energies are achieved atthe back of the driver, where the accelerating part of the cavity starts and pushes the electronsforwards in propagation direction.
4.2.2. Parameter comparison

Energy comparisonThese results are again compared to different initial conditions of the driver. In Figure 4.15 theloss of peak energy over traveled distance is compared again for three different mean kineticenergies.For all energies the initial energy drop of 6MeV to 7MeV can be observed, as well as theslower loss of peak energy afterwards. The initial drop-off ends for all energies after traversingthe plasma for a distance of 1mm, with the high energy drivers having bigger energy losses.While the 250MeV driver has a visible plateau, there are smaller or no plateaus for the othertwo energies. Still, the energy loss happens slower at the point after the initial drop-off andonly increases with advancing distance in the plasma.The slow energy loss afterwards exists for all drivers. While the difference between the250MeV and 300MeV curve stays roughly the same except for some fluctuations, the differ-ence between the 300MeV and 350MeV curve increases with time, meaning that the 350MeVpeak loses its energy faster. The points of bunch breakup are also marked, which seem to beuncorrelated to the progression of the curve.Even when there is no plateau for higher initial energies, the energy loss beyond the initialdrop-off is comparably small before the end of the gas jet in experiments at around 3mm [7].
Divergence comparisonWhen the same analysis is done on the different initial divergences, as seen in Figure 4.16, bigqualitative differences become apparent. The low divergence driver has the same drop-offas the one with normal divergence but afterwards no further energy loss but instead a smallincrease of roughly 0.5MeV can be observed. For the high divergence driver, the initial drop-offis smaller, with only 4MeV, but afterwards the peak energy decreases linear. After 3mm thedriver already has lost 9MeV of energy, which is still smaller than the energy uncertainty inexperiments [7] but could become relevant in the future.The remaining fields after bunch breakup of the low divergence driver may be too weak todecelerate the bunch, thus the fields cannot further decrease the peak energy. This wouldresult in the curve depicted above. Meanwhile the linear regime of the high divergence driveris capable of further decelerating the front part of the driver, resulting in a high peak energyloss, as the bunch never breaks during the simulation time.
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5. Conclusion and Outlook
The transformation of the shape of a PWFA driver was studied. Similar stages, like the formationof a tail and the spreading of wings, could be observed independent of initial conditions. Onlythe time needed for each stage and the occurrence of bunch breakup seem to depend on theinitial conditions.Analysis on the possible energy gain of a potential witness beam for different initial parame-ters suggests that the reduction of divergence has a more substantial effect on the maximalenergy gain than an increased kinetic energy of the driver. The plus in energy gain decreaseswhen increasing the beam energy. Efforts to achieve higher driver energies would result in adiminishing return of witness energy gain, making it possibly unprofitable. Meanwhile, neweffects come into play when reducing the beam divergence, with a considerable part of thebunch breaking up and creating smaller cavities in a blowout regime. This results in a doublingof the maximal energy gain. The change in driver current was suggested as the cause of thedifferences between different divergences. This needs to be confirmed by future simulations.Decreasing the divergence far below the used 4.3mrad is hard to achieve in experiment.The divergence threshold for the premature bunch breakup should therefore be investigatedin future studies as well, as it can result in strong increases of witness bunch energy. Otherquestions arise about the exact scaling of driver energy tomaximal gained witness energy and ifit is reasonable to invest in high-energy beams. Similar to the low divergence drivers, additionaleffects could come into play for higher energies of the driver. This would encourage furtherincreases beyond the energies used currently in experiments and in this study. Additionalresearch on the impact of the distance between the LWFA stage, the metal foil and the PWFAstage is also needed in the future, as this distance should have additional effects on the drivercurrent.
Also presented was a study on the changes of the peak energy for different initial parameters.Energy losses ranging from 8MeV to 11MeV were observed, with an initial fast energy lossof 6MeV for all drivers. These small energy changes are hard to detect in experiments, butthey will become relevant when higher accuracy in the energy-charge correlation of the beamloaded LWFA bunch is achieved. Additionally, a correlation between the initial kinetic energyof the driver and total loss of peak energy was shown. Thus, a high-energy beam and a longenough gas jet help to produce energy losses that are significant in experiment. A correlationbetween the breakup of the bunch and peak energy loss could not be shown.In any case, caution is needed in the future when using the peak energy as a measurementtool. The results suggest that for 3mm long plasma jets with the tested parameters, a constantvalue of 5MeV to 7MeV needs to be added for correction, resulting in charge correction of
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10pC to 15pC. For present-day experiments with uncertainties of 80pC [7] on the chargereconstruction, this may not be significant but should be considered in the future when theuncertainty gets reduced. Future research on the energy loss for different parameters of thedriver and plasma should be conducted. Better data fits of the energy peaks would reducepossible statistical artifacts and give higher certainty on the slow energy loss after the initialdrop-off.
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A. Approximation for spatial
derivative

The full calculation of the numerical spacial derivatives through central finite differences upto the eighth order for the last two Maxwell equations can be found below. It is based onEquation 2.7 and Equation 2.8, taken from reference [11]. Only one of the three componentsfor each field is shown here.
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